
 

Abstract— In this paper, we proposed the improvement of the 

simplex method without using artificial variables for a two 

dimensional linear programming problem. This proposed method 

starts with transforming the problem into the objective plane, then 

constraints are separated into three groups: positive-coefficient 

group, negative-coefficient group and zero-coefficient group. If the 

positive coefficient group is a nonempty set, then the method starts 

by relaxing constraints from negative and zero coefficient groups. 

Then, the constraints which have the minimum positive slope and 

the maximum negative slope are selected to find the solution, and 

the others are relaxed. We show that the relaxed problem is always 

feasible. So, it can start without using artificial variables. If this 

solution of the relaxed problem satisfies all constraints, then it is 

the optimal solution. Otherwise, the relaxed constraints will be 

restored to the relaxed problem and the dual simplex method is 

used until the optimal solution is found. Since this method avoids 

the use of the artificial variables and the constraints are relaxed, 

the computation can be reduced.  The effectiveness of the proposed 

method is presented by comparing with the original simplex 

method. 

 
Keywords—2-dimensional linear programming problem, 

artificial-free, simplex method .  

I.INTRODUCTION 

The simplex method was presented by Dantzig, in 1947 [1]. It 

has been popularly used for solving a linear programming 

problem. The researchers have been improved the simplex 

method for reducing the number of iterations and calculation. 

The simplex method can start when an origin point is in the 

feasible region. Otherwise, the Big-M method or two-phase 

method is used to solve a problem with artificial variables in 

order to start the simplex method. However, both methods need 

to use the artificial variables to construct an initial basis causing 

larger problem and more a calculation. So, the researchers have 

investigated the method to solve this problem without using 

artificial variables. 

In 1997, Arsham [2] presented the algorithm for solving a 

linear programming problem without using artificial variables. 

It consists of two phases: Phase I starts with empty basis and 

chooses a basic variable set one by one by using the minimum 

ratio until the set is full. If a basis is not full, the infeasibility is 

reported. Otherwise, Phase II is used to find the optimal solution 

by using the simplex method. However, in 1998, Enge and 

 
Panthira Jamrunroj is with Department of Mathematics and Statistics, 

Faculty of Science and Technology, Thammasat University, Thailand.  

Aua-aree Boonperm is with Department of Mathematics and Statistics, 

Faculty of Science and Technology, Thammasat University, Thailand.  

Huhn [3] proposed the counterexample, in which Arsham’s 

algorithm reported the infeasibility of a feasible linear 

programming problem. 

In 2000, Pan [4] presented the primal-perturbation simplex 

method for solving a linear programming problem when an 

initial basis gives the primal and dual infeasibility without using 

artificial variables. It starts by perturbing the coefficients of 

objective function to a positive value for the dual feasibility, and 

the dual simplex method is performed. Then, the original 

coefficients of objective function are returned to the problem, 

and the simplex method is used to find the optimal solution. 

In 2006, Arsham [5] proposed the new algorithm for solving 

a linear programming problem without using artificial variables. 

It starts by relaxing the greater than or equal to constraints (≥), 

and the simplex method starts at origin point without using 

artificial variables, then it is solved until the optimal solution is 

obtained. If this solution satisfies all of the relaxed constraints, 

then it is an optimal solution of the original linear programming 

problem. Otherwise, the relaxed constraints are returned to the 

problem, and the dual simplex method is used to find the 

optimal solution.  

In the same year, Corley, Rosenberger, Yeh and Sung [6] 

proposed the algorithm similar to Arsham’s algorithm. It starts 

by solving the relaxed linear programming problem until the 

optimal solution is found. This relaxed problem consists of the 

original objective function subject to constraints which are the 

closest in angle to the objective function. If this solution 

satisfies a constraint, the next constraint will be added to the 

problem until the solution satisfies all of the constraints. 

In 2014, Boomperm and Sinapiromsaran [7] proposed 

artificial-free simplex algorithm based on the non-acute 

constraint relaxation. It starts by separating the constraints in 

two groups which are acute constraints and non-acute 

constraints. Then, the acute constraints are called a non-acute 

constraint relaxation problem, and it is solved by the simplex 

method without using artificial variables until the optimal 

solution is found.  If the optimal solution satisfies the non-acute 

constraints, then it is the optimal solution of the original 

problem. Otherwise, the non-acute constraints are returned to a 

problem and the dual simplex is used to solve it. 

In the same year, Boomperm and Sinapiromsaran [8] 

proposed another artificial-free technique for the simplex 

method. It starts by mapping a problem into the objective plane 

which this technique was presented by Megiddo [9]. Then, the 

constraints are split into three group: the positive, negative and 

zero coefficient group. If the positive coefficient group is 
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nonempty set, then the constraints from negative and zero 

groups are relaxed, and the simplex method can start at the 

origin point. When the optimal solution is found, and if it 

satisfies all constraints, then it is the optimal solution. 

Otherwise, the unsatisfied constraints are returned into the 

relaxed problem, and the dual simplex is performed until the 

optimal solution is found. This method can solve the linear 

programming problem without using artificial variables which 

can reduce the computational time. However, it deals with all 

constraints from the positive group which some constraints give 

the optimal solution. If we can choose especially some 

constraints which gives the optimal solution to construct the 

relaxed problem, then the computational time can be reduced. 

In this paper, we presented the idea to select the constraints 

which have chance to give the optimal solution, and the method 

for solving the 2-dimensional linear programming problem 

without using artificial variables is proposed. It starts by 

separating the constraints into three groups: the positive, 

negative and zero coefficient group. If the positive group is 

nonempty set, then the constraints which have the minimum 

positive slope and the maximum negative slope of positive 

group are selected to find the solution, and the others are 

relaxed. We show that the relaxed problem is always feasible. 

So, it can start without using artificial variables. If this solution 

of the relaxed problem satisfies all constraints, then it is the 

optimal solution. Otherwise, the relaxed constraints will be 

restored to the relaxed problem, and the dual simplex method is 

used until the optimal solution is found. Since this method 

avoids the use of the artificial variables and the constraints are 

relaxed, the computation can be reduced.  

In this paper, it consists of six sections: section 2, we 

introduce the idea of the proposed method. In section 3, we 

conclude the steps of the proposed method. In section 4, we 

present the numerical examples which are solved by the 

proposed method. In section 5, the computational results of 

numerical example with the simplex method is proposed. The 

last section, the result of this work is concluded. 

II. PRELIMINARIES 

Consider a 2-dimensional linear programming problem in the 

following form:  

                    Maximize      

Subject to  

 

 

 

 

 

 

 

 

  (1) 

Let . If , then we use the technique 

from [9] by choosing . The problem 

can be rewritten in the following form: 

Maximize   

Subject to   

  

        

 

(2) 

 

where  and . 

If , then  is in , and if , then  is in , 

otherwise  is in . Then,  is called a positive group,  is 

called a negative group and  is called a zero group. Since 

, we get a constraint  and it is called 

constraint 0. If , it is in . Otherwise, it is in . So, the 

number of all constraints is . 

 

 

Fig. 1. Example of the feasible region after mapping 

Consider Fig. 1, after the problem is mapped, the feasible 

region is between M_1 and M_2. Since the objective function 

of the transformed problem is the maximum value of  y and if  

M_1 is not empty, we can find the optimal solution for the 

original problem by considering especially the constraints in 

M_1. Moreover, for 2-dimensional linear programming 

problem, there are only two constraints give the optimal 

solution. So, in this paper, we proposed the idea to choose two 

constraints from M_1 for solving the original problem, and 

present the algorithm to solve it. 

III. THE PROPOSED METHOD 

In this section, we propose the algorithm for solving a 

2-dimensional linear programming problem. From Fig. 1, we 

found that the optimal solution of a transformed  problem is a 

vertex point from constraints in M_1. If M_1 is a nonempty set,  

we relax other constraints from M_2 and M_3. Then, we have 

the relaxed problem as in Fig. 2: 
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Fig. 2. Constraints of group M_1 

From Fig. 2, we see that the optimal solution is binding at 

constraints which have the minimum positive slope and maximum 

negative slope. So, we will separate constraints from M_1 into two 

groups: positive slope and negative slope groups. After we separate 

groups, three cases might occur as the following. 

First, if all constraints of the relaxed problem are negative slope, 

then the feasible region of this problem is bounded by these constraints 

which it is shown as in Fig. 3. 

 

 
Fig. 3. The relaxed problem has only negative slope. 

 

We can see that the solution of this relaxed problem can be 

found by computing the minimum y-intercept. 

Second, the constraints of relaxed problem are both positive 

and negative slopes. Then, we choose the constraints which 

have the minimum positive slope and the maximum negative 

slope to find the intersection point. If this point satisfies all 

constraints, then it is the optimal solution. It is shown as in Fig 

4.A·m
2
.” 

 

 
Fig. 4. The relaxed problem has both positive and negative slopes. 

 

      Otherwise, the relaxed problem is constructed by these 

two constraints and is solved by the simplex method. Since 

the feasible region of the relaxed problem is bounded, the 

optimal solution of this relaxed problem is always found. So, 

we can restore all constraints and solve it by the dual simplex 

method. 

In the last case, all constraints are positive slope. Then, the 

feasible region of the relaxed problem is unbounded because it 

does not have a constraint for bounding the right side of the 

feasible region. So, the relaxed problem is unbounded. It is 

shown as in Fig. 5. 

 
Fig. 5. The relaxed problem has only positive slope. 

 

From the above cases, the right-hand-side values of all 

constraints are greater than or equal to zero, then we can start 

the simplex method at the origin point. Otherwise, the origin 

point is not a feasible point. In this case, the algorithm in [8] 

proposed the translation of axes to the new origin point which is 

a feasible point. Then, the simplex method can start without 

using artificial variables. 

From these cases we can summarize the method for solving a 

2-dimension linear problem as the following: 

Step 1: Transforms the problem by letting  

where  and  and separates the constraints into 

three groups (  and ). 

Step 2: If  is a nonempty set, relaxes the constraints of  

and .  

Let ,  and 

. 

 Step 2.1: If , then  

Step 2.1.1: If , then the relaxed problem 

is unbounded and go to step 2.2. 

Step 2.1.2: If , then the optimal solution 

of the relaxed problem is 

 and go to step 4. 

Step 2.1.3: If  and , then  

let     

and .  

Construct the relaxed problem subject 

to constraints  and  and solve it by 

the simplex method. Go to step 4. 

Otherwise, transforms the relaxed problem by 

letting  

 and let . Go to step 2. 
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Step 2.2: If , then let  

 and returns the constraint  

into a relaxed problem. If the current solution 

satisfies this constraint, then preforms the simplex 

method and go to step 2.3. Otherwise, go to step 

2.4. 

Otherwise, the original problem is unbounded and stops. 

Step 2.3: If a relaxed problem is unbounded, then go to step 

2.2. 

Otherwise, go to step 4. 

Step 2.4: Performs the perturbation simplex method. If a 

relaxed problem is unbounded, then go to step 2.2. 

 Otherwise, go to step 4. 

Step 3: If  is an empty set, then 

Step 3.1: If  is an empty set, then the original problem is 

unbounded and stops. 

Step 3.2: Otherwise, let  and 

      . 

Step 3.2.1: If  then the original problem is 

infeasible and stops. 

Step 3.2.2: Otherwise, if  the original 

problem is unbounded and stops. 

Otherwise, the original problem is 

infeasible. 

Step 4: Tests the optimal solution with all constraints from 

group  and . 

Step 4.1: If it satisfies all constraints, then it is the optimal 

solution and stops. 

Otherwise, returns an unsatisfied constraint into a 

relaxed problem and performs the dual simplex. Go 

to step 4. 

 

IV. NUMERICAL EXAMPLES 

In this section, the following examples are presented to show the 

efficiency of the proposed method. 

Example 1 Consider the linear programming: 

Maximize   

Subject to  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(3) 

Solution: Let . Then, we have  

and it is in . After transforming, we get 

 and . The 

relaxed problem is written as follows: 

Maximum   

Subject to 
 

 

 

 

 

 

 

 

 

 

 

(4) 

 

Next, splits the relaxed problem and we get  and 

. Since  and  are nonempty set, we get 

 and . We can solve these constraints by using the 

system of linear equation with two variables. Then, we get 

,  and . Tests this solution with all 

constraints. Then, it satisfies all constraints. So, the solution 

 is optimal with . 

This example shows that if we have a constraint from PS 

and NS and the solution of these constraints satisfies with all 

constraints, then we solve this problem without using the 

simplex tableau and get the optimal solution for the problem. 

Example 2 Consider the linear programming: 

Maximize   

Subject to  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(5) 

Solution: Let . Then, we have 

 and it is in the group . After 

transforming, we get  and 

. The relaxed problem is written as follows: 

Maximum   

Subject to  

 

 

 

 

(6) 
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Since , we transform the relaxed problem by 

letting . Then, we can rewrite the relaxed problem as 

the following form: 

Maximum   

Subject to  
 

 

  

 

 

 

 

 

(7) 

Next, we get  and . Since  and  are 

nonempty set and the relaxed problem consists of constraints 3 

and 4. We can solve these constraints by using the system 

of linear equation with two variables. Then, we get , 

 and . Tests this solution with all constraints, and 

it is unsatisfied a constraint . The transformed 

constraint is . Then, we return this constraint 

into the relaxed problem and perform the dual simplex 

method. 

TABLE I: TABLEAU AFTER ADDING THE UNSATISFIED 

CONSTRAINT 

 z       RHS 

z 1 0 0.44 0 0 0.78 0.22 7.67 

 0 1 -0.56 0 0 0.78 0.22 7.67 

 0 0 -0.89 1 0 0.44 -0.44 2.67 

 0 0 -1.33 0 1 -0.33 -0.66 1 

Thus, the solution of this current tableau is satisfied all 

constraints. Therefore, the optimal solution of the problem is 

 with . 

This example shows that the number of iterations and size 

of matrix operations are less than the original simplex. 

V. THE COMPUTATIONAL RESULTS 

This section shows the computational results by comparing 

the number of iterations and size of matrix operation between 

the proposed method and the original simplex method. The 

comparison of example 1 and 2. Then, the results as follow the 

table II and III, respectively.  
TABLE II: THE RESULT OF EXAMPLE 1 

The method 

Size of 

matrix 

operation 

The number 

of iterations 

Total the 

number of 

iterations 

The proposed method 0 0 0 

The simplex method Phase I 1114 1 3 

 Phase II 1113 2 

 

TABLE III: THE RESULT OF EXAMPLE 2 

The method 

Size of 

matrix 

operation 

The number 

of iterations 

Total the 

number of 

iterations 

The proposed method 46 1 1 

The simplex method Phase I 1115 1 
6 

 Phase II 1113 5 

 

From the result of these examples, we found that the number 

of iterations of the proposed method are less than the original 

simplex method and sizes of the matrix operations of the 

proposed method are smaller than the original simplex method 

Next, we present the numerical tests for proving the 

efficiency our method in randomly generated 2-dimensional 

linear programming problems. We tested our method with 10 

tested problems of each sizes which are m∈{10,20}. Then, the 

total number of tested problems is 20. The results are shown in 

Table IV and Table V.  

 
TABLE IV: THE RESULT OF TESTED PROBLEM M=10S 

Ex. 
The simplex method 

The proposed 

method C 

A B A B 

1 123.33 3 - 0 0 

2 123.33 6 15 1 0.167 

3 125.71 7 - 0 0 

4 136 10 - 0 0 

5 120 1 - 0 0 

6 123.33 6 - 0 0 

7 122 5 - 0 0 

8 135 6 48 2 0.333 

9 140 1 36 2 2 

10 142.86 7 - 0 0 

total 1,291.57 52 99 5 0.096 

 
TABLE V: THE RESULT OF TESTED PROBLEM M=20 

Ex.  
The simplex method 

The proposed 

method C 

A B A B 

1 376 5 54 2 0.4 

2 500 9 - 0 0 

3 471.67 12 18 3 0.25 

4 440 4 15 1 0.25 

5 558.46 13 - 0 0 

6 518.57 14 30 2 0.143 

7 338.67 15 - 0 0 

8 463.08 13 - 0 0 

9 508 10 - 0 0 

10 513.33 6 220 2 0 

total 4,687.78 101 337 10 0.099 

 

where A is the average size of the matrix operations, 

    B is the number of iterations, 

  C is the iteration ratios of the proposed method to 

the       
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                    simplex method. 

and -  is the proposed method found the optimal solution  

  without using the simplex tableau. 

 

From this results, we see that the proposed method has more 

efficient to reduce the computation when the problems have 

more than 10 constraints. Because this method can construct the 

near-optimal relaxed problem by using two constraints, and if 

the solution of it satisfies all constraints then we get the optimal 

solution. 

  

VI.  CONCLUSIONS 

In this paper, we present the method for solving a 

2-dimensional linear programming problem with using the slope 

of constraints consideration. It is another way to solve a 

problem without using the artificial variables. For this method, 

the optimal solution of the original problem can be found by two 

constraints from the relaxed problem. If the solution of the 

relaxed problem satisfies all constraints, then we get the optimal 

solution of original problem and can reduce the computation. 

From above examples, we see that the size of matrix operations 

for this method are smaller than the two-phase simplex method, 

and the number of iterations of this method less than or equal the 

two-phase simplex method. However, the proposed method is 

designed for a 2-dimensional linear programming problem 

which is not suitable for real-world problems. But we can use 

this idea to establish the algorithm for n-dimensional linear 

programming problem.  
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